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Abstract—We analyze the mixing time of a natural
local Markov Chain (Gibbs sampler) for two commonly
studied models of random surfaces: (i) discrete monotone
surfaces with “almost planar” boundary conditions and
(ii) the one-dimensional discrete Solid-on-Solid (SOS)
model. In both cases we prove the first almost optimal
bounds. Our proof is inspired by the so-called “mean
curvature” heuristic: on a large scale, the dynamics should
approximate a deterministic motion in which each point
of the surface moves according to a drift proportional
to the local inverse mean curvature radius. Key technical
ingredients are monotonicity, coupling and an argument
due to D. Wilson [17] in the framework of lozenge tiling
Markov Chains. The novelty of our approach with respect
to previous results consists in proving that, with high
probability, the dynamics is dominated by a deterministic
evolution which follows the mean curvature prescription.
Our method works equally well for both models despite
the fact that their equilibrium maximal deviations from
the average height profile occur on very different scales.

Keywords-Monte Carlo Markov chains (MCMC), mixing
time, lozenge tilings, monotone surfaces, mean curvature.
spectral gap, Glauber dynamics.

I. INTRODUCTION

This work is concerned with the analysis of local
Markov chains for random planar combinatorial struc-
tures and other random surface models arising in statis-
tical physics. To fix ideas, below we consider two models
in detail: the lozenge tiling model and the Solid-on-
Solid (SOS) model. We develop a unifying framework
that allows us to obtain for the first time sharp mixing
time bounds.

The first structures we consider are lozenge tilings of
a finite region of the triangular lattice. Each lozenge is
a unit rhombus with angles of 60◦ and 120◦, covering
two adjacent triangles in the lattice, with three possible
orientations. There is a well known correspondence
between lozenge tilings and dimer coverings (perfect
matchings) of the dual hexagonal lattice; see e.g. [10],
[17]. Another equivalent description is in terms of plane
partitions, i.e. arrays of integers with the property that
all rows and columns are non-increasing. The latter
is naturally interpreted as a monotone collection of

stacks of unit cubes, that is a (discrete) monotone surface
φx ∈ Z, x ∈ Z

2, with φy ≥ φx if x = (x(1), x(2)) and
y = (y(1), y(2)) satisfy x(a) ≤ y(a), a = 1, 2.
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Figure 1. The top line displays the four possible tilings of a region
V of the triangular lattice. The middle line shows the corresponding
plane partitions. The bottom line represents (modulo a trivial rota-
tion) the region U ∪∂U ⊂ Z

2 and the height of the monotone surface
in each of the four cases. Note that here U = {(0, 0), (0, 1)} consists of
two points, and ∂U = {(−1, 0), (−1, 1), (0, 2), (0,−1), (1, 0), (1, 1)},
with boundary condition φ(−1,0) = 2, φ(−1,1) = 1, φ(0,2) = 0,
φ(0,−1) = 2, φ(1,0) = 1, φ(1,1) = 0.

Given a finite, tileable subset V of the triangular
lattice, there exists a finite subset U of Z

2 such that
lozenge tilings of V are in one-to-one correspondence
with monotone surfaces {φx}x∈U∪∂U , where ∂U is
the external boundary of U in Z

2. The height values
{φx}x∈∂U are referred to as the boundary condition. The
boundary condition is uniquely specified by the region
V of the triangular lattice, i.e. the monotone surface
representations of any two lozenge tilings of V will
share the same boundary heights; see Figure 1.

The following algorithm is a standard way to sample
uniformly among all monotone surfaces in U compatible
with the boundary condition (or equivalently among all
lozenge tilings of the region V ). At each step, pick a



random vertex x ∈ U and update the value of φx to a
new value φ′x = φx ± 1 according to a fair coin toss.
If φ′ (together with the boundary condition) is not a
monotone surface on U∪∂U , then the update is rejected.
For our purposes it is convenient to work with the
continuous time version of this algorithm where each
x ∈ U is updated at the arrival times of an independent
Poisson clock of parameter one. It is standard that the
mixing time of the discrete time algorithm is of the order
of the mixing time Tmix of the continuous time version
multiplied by |U |, the size of the region; see e.g. [8].

It is generally expected that Tmix = O(L2 logL),
where L is the diameter of U . Non-optimal polynomial
bounds on Tmix were first obtained in the pioneering
works [10], [17], [14] via coupling and comparison
methods, by using an auxiliary non-local Markov chain.
These methods are quite robust and can be applied to
rather general boundary conditions, but the best they
can provide is Tmix = Õ(L4)1. In our work we restrict
to the case of approximately planar boundary conditions.
This corresponds to a choice of the boundary values
such that the points {(x, φx)}x∈∂U approximately lie on
a given plane of R

3 (see Figure 2(b)). Such “planar”
case is rather natural in the statistical physics context.
It corresponds to the three-dimensional Ising model at
zero temperature in the cylinder U × Z, with so-called
Dobrushin boundary conditions, i.e. spins outside the
cylinder are “+” above some plane and “−” below it.

The second structure that will be considered is the
SOS model in a L × L box. A configuration is an
assignment of an integer height φi ∈ {0, 1, ..., L} to each
integer 0 ≤ i ≤ L + 1, with fixed boundary conditions
φ0 = φL+1 = 0 (see figure 2(a)). The probability of a
configuration is given by the Gibbs distribution

π(φ) = πL(φ) := Z−1
L exp

{
−

∑L+1

i=1
|φi−1 − φi|

}
. (1)

Here ZL is a normalizing factor (the “partition func-
tion”). In statistical physics, π describes the distribution
of the unique open contour in the two-dimensional Ising
model in the box {1, . . . , L}×{1, . . . , L} with Dobrushin
boundary conditions (spins outside the box are “−”
along the bottom horizontal side and “+” elsewhere),
in the limit where the couplings on vertical edges tend
to infinity.

Configurations of the SOS model are sampled by
means of a continuous time Markov chain defined as
follows. Independently at each site i, the height φi is
updated at the arrival times of a mean one Poisson clock
and it is then replaced by φi ± 1 with probabilities pi,±
given by the usual Gibbs sampler rule (see (4)). A long

1Throughout this paper the notation eO(·) hides factors of
polylog(L).
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Figure 2. (a) A configuration of the SOS model in the L×L box. (b)
An example of a monotone surface with planar boundary conditions
on the plane x + y + z = 0. The picture is taken from [6]

standing conjecture is that Tmix = O(L2 logL). Recently
there has been important progress in this direction [11]
with the bound Tmix = Õ(L5/2).

Our main result on the mixing time for both structures
is informally stated as follows.

Theorem. (i) For the Solid-on-Solid model the mixing
time satisfies Tmix = Õ(L2). (ii) For monotone surfaces
with approximately planar boundary conditions the mix-
ing time satisfies Tmix = Õ(L2).

An important motivation for studying these problems
is the fact in order to get optimal bounds one is forced
to go beyond standard techniques such as coupling and
comparison: new geometric insight on the typical equi-
libration process is required. Moreover, proving optimal
mixing time bounds leads to a deeper understanding
of the equilibration mechanism and, potentially, may
bring important mathematical progress in certain prob-
lems of non-equilibrium statistical physics. Indeed, the
conjectured behavior Tmix = O(L2 logL) is based on
the idea that each point of the surface feels a drift
proportional to the local inverse mean curvature radius.
This mean curvature heuristic plays an important role in
the analysis of the dynamics of interfaces in statistical
physics models; see e.g. [16].

A high level description of the proof of the theorem,
together with the connection with the above mentioned



heuristic, is given in Section III.
Our method can be potentially applied to a wide

range of stochastic surface dynamics models where
mean curvature motion is expected to occur macroscop-
ically. An example that comes naturally to mind is the
dynamics of domino tilings of the plane, for which at
present only non-optimal polynomial upper bounds on
Tmix are available [10].

For the monotone surface model it is natural to ask
what happens without the planarity assumption on the
boundary conditions. In this case the typical equilibrium
shape is not macroscopically flat (in contrast to the
planar boundary case, cf. Proposition 1) and arctic circle
type phenomena can occur [4]. While in principle one
expects again that Tmix = Õ(L2), what is missing here
are precise, finite-L equilibrium estimates on height
fluctuations and on the convergence of the equilibrium
average height to its macroscopic limit.

We conclude this introduction with a short review of
previous work and its relationship with the results pre-
sented here. The first polynomial bound on the mixing
time for sampling monotone surfaces was established
in [10] for a non-local dynamics in which large piles
of unit cubes can appear/disappear in one move. A
refined analysis of the non-local dynamics of [10] was
later obtained in [17] who proved tight bounds for its
mixing time. In [14] polynomial mixing time bounds for
the local dynamics (i.e. the one we consider) were ob-
tained by means of comparison with the non-local chain.
Despite these remarkable progresses, sharp bounds on
the mixing time of the local dynamics remained elusive,
mostly due to the lack of precision of the comparison
arguments. Concerning the SOS model, the best result
so far is due to [11]. There, non-equilibrium geometric
information was introduced for the first time to get non-
trivial (but not tight) bounds. Similar ideas found later
application to Glauber dynamics for the Ising model
at low temperature [12], [9]. The present paper adds
new important insight of the role of mean curvature, as
opposed to [11] where less precise bounding dynamics
were used.

II. MODELS AND RESULTS

In this section we give precise definitions and formu-
late our main findings in detail.

A. Monotone surfaces with “planar” boundary conditions

A function φ : Z
2 �→ (Z ∪ {±∞}) defines a (discrete)

monotone surface if φx ≥ φy whenever x(a) ≤ y(a), a =
1, 2, where x(a) denotes the ath component of x. The
collection of all monotone surfaces is denoted by Ω. For
U ⊂ Z

2 we write φU for the restriction of φ to U . We
consider the following local, continuous time Markov

chain {φξ(t)}t≥0 on monotone surfaces with initial con-
dition ξ and fixed boundary conditions (b.c.) outside a
finite region. Let U be a finite connected subset of Z

2

(the finite region) and η ∈ Ω (the boundary condition).
Without loss of generality we will always assume that
U contains the origin. Given φ ∈ Ω and x ∈ Z

2, let
φ(x,±) be the monotone surfaces which coincide with φ
outside x while φ(x,±)

x = φx ± 1 if compatible with the
monotonicity constraints and φ

(x,±)
x = φx if not. The

state space of the Markov chain is the set

Ωη,U := {φ ∈ Ω : φx = ηx for x /∈ U}.

The initial condition at time zero is some given ξ ∈
Ωη,U . To each x ∈ U is assigned an independent
exponential clock of rate 1. If the clock labeled x rings
at time t, we replace φ(t) with [φ(t)](x,+) or [φ(t)](x,−)

by tossing a fair coin. It is standard to check that such
Markov chain is irreducible and reversible with respect
to the uniform measure on Ωη,U , which we denote πη

U

or simply π. In the sequel we will write μξ
t for the

distribution of the chain started from ξ at time t. The
mixing time is then defined as usual by

Tmix = inf
{
t > 0 : sup

ξ∈Ωη,U

‖μξ
t − π‖ ≤ (2e)−1

}
. (2)

where ‖ · ‖ denotes the total variation distance; see e.g.
[8].

As we mentioned in the introduction, it is conjectured
that Tmix = O(L2 logL), where L is the diameter of
the region U . We prove this conjecture, up to poly-log
corrections, under the assumption that the boundary
conditions are “approximately planar”. The planarity
assumption on the boundary conditions is specified as
follows:

Definition 1. Given n ∈ R
3 with ‖n‖ = 1, we write

n > 0 if n(i) > 0, i = 1, 2, 3. We let φ̄n ∈ Ω be the discrete
monotone surface with slope n:

Z
2 � x �→ φ̄n

x = max{z ∈ Z : x(1)n(1)+x(2)n(2)+zn(3) ≤ 0}

We say that η is a good planar boundary condition with
slope n > 0 if there exists C > 0 such that

|ηx − φ̄n
x | ≤ C log(|x| + 1). (3)

for every x ∈ Z
2.

Note that our definition (3) allows a bit of flexibility
with respect to the fully planar case ηx ≡ φ̄n

x . Roughly
speaking, the reason why this cannot be relaxed beyond
the logarithmic scale is because we only allow poly-
logarithmic errors in the bounds of Tmix.

A key feature of the model is that, in the case of good
planar boundary conditions, a typical surface at equilib-
rium is essentially flat. This fact, which we shall exploit
throughout, is detailed in the following proposition.



Proposition 1. Let η be a good planar boundary condi-
tion with slope n > 0. For every ε > 0 there exists c > 0
such that for every a > 0, for every connected U ⊂ Z

2

containing the origin and with diameter L,

πη
U

(
∃y ∈ U : |φy − φ̄n

y | ≥ a(logL)1+ε
)

= O(e−c a(log L)1+ε

).

The above estimate is based on the well-known repre-
sentation of the height function in terms of the number
of points of a determinantal point process whose kernel
is explicitly known [6], [7]. A detailed proof requires
a delicate use of monotonicity properties of the equi-
librium measure, see [3, Theorem 1]. We can finally
formulate our mixing time upper bound:

Theorem 1. With the same assumptions as in Proposition
1 one has Tmix = Õ(L2).

We remark that Theorem 1 is essentially tight up to
poly-log corrections. This can be seen by using the idea
behind the mixing time lower bound of Theorem 3.1 in
[2]. One could in fact show that Tmix ≥ L2/(c logL) for
a suitable c > 0 for instance when U = UL ∩ Z

2, with
UL a smooth open connected set of R

2 expanded by a
factor L.

B. SOS model

The configuration space of the SOS model is ΩL =
{0, 1, .., L}L and the equilibrium measure π = πL is
given in (1). Standard random walk considerations
show that a typical SOS interface is macroscopically flat.
More precisely, one has (see [11, Appendix C]):

Lemma 1. There exists some constant c > 0 such that,
uniformly in H ≥

√
L logL:

π
[
∃ i = 1, . . . , L : φi > H

]
= O(exp (−cmin{H2/L,H})).

The Markov chain to be considered is the standard
continuous time Gibbs sampler. There are independent
Poisson clocks with mean 1 at each site i ∈ {1, . . . , L}.
When the clock at site i rings, the height φi is updated
to the new value max{φi − 1, 0} or min{φi + 1, L} with
probabilities pi,−(φ), pi,+(φ) respectively, determined
by:

pi,−(φ) =
e−2

1 + e−2
1{φi≤a} +

1
2

1{b≥φi>a} +
1

1 + e−2
1{φi>b}

pi,+(φ) =
e−2

1 + e−2
1{φi≥b} +

1
2

1{b>φi≥a} +
1

1 + e−2
1{φi<a}

(4)

where a := min{φi−1, φi+1} and b := max{φi−1, φi+1}.
With the remaining probability 1−(pi,−(φ)+pi,+(φ)), φi

stays at its current value. It is not hard to check that the
stationary reversible measure is πL. The mixing time of
this chain is defined as in (2).

Theorem 2. The mixing time of the SOS model satisfies
Tmix = Õ(L2).

A possible extension of this result is obtained by
letting the constraints 0 ≤ φi ≤ L be replaced by
0 ≤ φi ≤ M , where M ∈ N is an independent
parameter. We refer to this as the L×M SOS model. One
can extend the proof of Theorem 2 to get in this case
the essentially sharp bound Tmix = Õ(Lmax(L,M)).
On the other hand, one can obtain the upper bound
Õ(L2) on the relaxation time, i.e. the inverse of the
spectral gap of of the L ×M SOS model uniformly in
M (see Theorem 4 in [3]). Establishing this behavior
has been a long standing problem mainly because the
equilibrium distribution is not strictly log-concave. Well
known recursive approaches which fail here, would
work if the function |x| appearing in the definition of
the SOS equilibrium distribution were replaced by one
with strictly convex behavior at infinity.

III. HIGH LEVEL DESCRIPTION OF THE PROOF

As announced in the introduction, our bound Tmix =
Õ(L2) is proved by following a common strategy that
we sketch here. First note that both models share the
following monotonicity property. Define the partial or-
der � on the state space by declaring φ � φ′ iff at each
vertex x one has φx ≤ φ′x. Clearly � admits unique
maximal and minimal elements denoted respectively
∧ and ∨. The key fact is that there exists a grand
coupling for the dynamics which is monotone w.r.t. �.
Informally, this means that one can couple the dynamics
corresponding to all possible initial conditions in such a
way that if two initial conditions are ordered, then the
same ordering is preserved at any later time (see e.g.
[8, Chapter 5]). A key consequence is that it is enough
to consider the evolution of the extremal configurations
∧,∨. The crucial step in the proof of the mixing time
upper bounds is then the following (see Propositions 2
and 6 below for a precise formulation in the case of
monotone surfaces and SOS model):

Step 1. Starting from either ∧ or ∨, after time Õ(L2)
the distance between the interface and the flat profile is
not larger than its typical equilibrium value χL (thanks
to Proposition 1 and Lemma 1, χL = Õ(1) for monotone
surfaces and χL = Õ(L1/2) for the SOS model).

Here, “flat profile” refers to the configuration φ̄n (cf.
Definition 1) in the monotone surface case and to the
identically zero configuration φx = 0, i = 0, . . . , L + 1
for SOS. Once Step 1 is accomplished, one concludes
Tmix = Õ(L2) provided that a result of the following
type holds:

Step 2. If the initial condition ξ is at distance at most
χL from the flat profile, then ‖μξ

T − π‖ � 1 for some



T = Õ(L2).

The proof of step 2 is model-dependent: for the SOS
model it was given in [11] and for monotone surfaces
it follows from results in [2] (see Propositions 3 and 4
below) .

The key ingredient in establishing Step 1 is to show
that, with high probability, the surface started from the
maximal configuration ∧ stays below a deterministic
interface evolution which after time Õ(L2) is at the
correct distance O(χL) from the flat profile. It turns out
that it is actually sufficient to specify the deterministic
interface evolution at a sequence of deterministic times
tn, 0 ≤ n ≤ M . For clarity we describe the geometric
construction only for the SOS model. At the end we
will mention the modifications needed for the monotone
surface case. At all times tn, the deterministic interface
is the boundary of Cun where, given u > 0, Cu is a
circular segment of height u and base of linear size ρL

roughly of order L, see Figure 3. The base of Cu lies
on the line which contains the macroscopic flat profile.
The evolution of Cu, by a kind of “flattening process”,
in the time interval (tn−1, tn] transforms Cun−1 into Cun .
The sequence of increasing times {tn}0≤n≤M and of
decreasing heights {un}0≤n≤M will be introduced in
a moment. The “domination statement” then is of the
following type (see Propositions 5 and 8):

Claim 1. For all 0 ≤ n ≤ M , with high probability
the following holds. For all times in [tn, L3] the evolution
started from the maximal configuration ∧ stays below the
boundary of Cun .

The initial height u0 is taken to be proportional to L
and one sets t0 = 0; this guarantees that the statement
of Claim 1 holds trivially for n = 0. In order to
choose un+1 given un, one uses the following procedure.
Consider the circular segment Cun and choose a point
on its curved boundary (e.g. the highest one). Move
inward (i.e. inside Cun) the tangent line at the chosen
point by an amount Δ and call dΔ the diameter of
the intersection between the line with Cun ; see Figure
3. Then un − un+1 is chosen as the critical value Δn

such that the equilibrium fluctuations on scale dΔn are
of order Δn (apart from logarithmic corrections), i.e.
Δn = Õ(χdΔn

). Also, M is the smallest index such that
uM ≤ χL, i.e. uM is of the order of the equilibrium
height fluctuations on scale L. As for the time sequence
{tn}0≤n≤M , one sets tn+1 − tn to be of order d2

Δn

(again neglecting logarithmic corrections): that this is
the correct choice is guaranteed by a careful use of Step
2, applied with L = dΔn . It is not difficult to see that
tM = Õ(L2). Indeed χL ∼ Lγ with γ = 1/2 (but the
arguments below apply to any 0 ≤ γ < 1, where γ = 0
means that χL ∼ polylog(L)). Then, simple geometric

dΔ

ρL � L

Δ

un

Figure 3. The circular segment Cun . The deterministic evolution at
time tn coincides with the curved portion of the boundary of Cun . At
that time, the true stochastic SOS configuration (wiggled line) stays
with high probability below it. Elementary geometry shows that Δ �
d2
Δ(un/ρ2

L). The requirement un − un+1 = Δn � dγ
Δn

then leads
to un − un+1 � (ρ2

L/un)γ/(2−γ) .

considerations show that

un − un+1 = Õ
((
ρ2

L/un

)γ/(2−γ)
)
,

tn+1 − tn = Õ
((
ρ2

L/un

)2/(2−γ)
)
.

Approximating the recursion for un with a differential
equation gives

u2/(2−γ)
n � u

2/(2−γ)
0 − ρ

2γ/(2−γ)
L n

� L2γ/(2−γ)
[
L(2−2γ)/(2−γ) − n

]
since both u0 and ρL are of order L. In particular, one
has roughly M = O(L(2−2γ)/(2−γ)). Then,

tM =
M−1∑
n=0

(tn+1 − tn) � ρ
4/(2−γ)
L

M−1∑
n=0

1

u
2/(2−γ)
n

� ρ
4/(2−γ)
L

L2γ/(2−γ)

M−1∑
n=0

1
L(2−2γ)/(2−γ) − n

= Õ(L2)

since the last sum is of order logL. Remarkably, the
order of magnitude of tM does not depend on the
specific numerical value 1/2 of the fluctuation exponent
γ, while the sequence (tn, un) and the value of M do.

The statement of Claim 1 for n = M allows us
to conclude Step 1. The evolution started from the
maximal configuration, at time tM = Õ(L2), is below
the deterministic evolution, which is within distance χL

from the flat profile. A similar result holds starting from
the minimal configuration ∨. In the monotone surface
case, the above argument can be repeated without
modifications provided that the circular segment Cu is
replaced by a spherical cap of height u and base of size
ρL on the plane containing the macroscopic flat profile
and the exponent γ is set equal to zero.

Another way to understand the choice of the time
scales tn is the following. If one imagines that the
boundary of Cu evolves by “mean curvature”, i.e. feeling



a inward drift proportional to the inverse of its instan-
taneous radius of curvature, then the time tn+1 − tn to
transform Cun into Cun+1 must be O(Rn × (un −un+1)),
where Rn is the radius of curvature of Cun . One can
easily check that, apart from logarithmic corrections,
this coincides with the requirement tn+1 − tn � d2

Δn
.

IV. MIXING TIME UPPER BOUND FOR MONOTONE
SURFACES

A. Formalizing the strategy of Section III
Recall that φξ(t) denotes the configuration at time t

started from ξ, μξ
t denotes its distribution and that ∧

and ∨ denote the maximal and minimal configuration
w.r.t. the partial order �. The first key ingredient (cor-
responding to Step 1 in Section III) is a result saying
that, after time of order Õ(L2), the surface is at most
at distance (logL)3/2 away from φ̄n (cf. Definition 1).
It is here that the new ideas based on mimicking the
evolution by mean curvature play a crucial role.

Proposition 2. There exists c > 0, β > 0 such that, for
T = L2(logL)β one has

P

(
max
x∈U

(φ∧x (T ) − φ̄n
x)) > (logL)3/2

)
= O

(
e−c(log L)3/2

)
The same estimate holds for the probability of the event
{minx∈U (φ∨x (T ) − φ̄n

x) < −(logL)3/2}.

The second result says that once the surface is within
distance (logL)3/2 from φ̄n, it does not go much farther
than that for a time much longer than T . This second
step is more standard and its proof (see Appendix)
combines monotonicity and reversibility together with
the fluctuation bounds of Proposition 1. Define the set

Ω′ = {φ ∈ Ωη,U : max
x∈U

|φx − φ̄n
x | ≤ 2(logL)3/2}. (5)

Proposition 3. Let ξ ∈ Ωη,U be such that

max
x∈U

|ξx − φ̄n
x | ≤ (logL)3/2. (6)

Then, there exists c > 0 such that

P
(
∃t < L10 : φξ(t) /∈ Ω′) = O

(
e−c(log L)3/2

)
.

The last step concerns the evolution constrained be-
tween two monotone configurations φ− � φ+ (acting
as “ceiling” and “floor” respectively). More precisely,
the constrained dynamics is obtained by rejecting every
move which would violate the condition φ− � φξ(t) �
φ+.

Proposition 4. [2, Theorem 4.3] Let φ± ∈ Ωη,U with
φ− � φ+. For the dynamics constrained between φ+ and
φ− one has

Tmix = O(L2(logL)2H2)

where H = maxx∈U (φ+
x − φ−x ).

The combination of Proposition 3 and Proposition 4
correspond to Step 2 in Section III. We can now easily
put together Propositions 2 to 4 to obtain the desired
bound Tmix = Õ(L2):

Proof of Theorem 1: It is known that

max
ξ∈Ωη,U

‖μξ
t − π‖ ≤ 2L3 max(‖μ∧

t − π‖, ‖μ∨
t − π‖)

(see e.g. [2, Lemma 6.2] for a similar statement).
Therefore, it is sufficient to prove that

max(‖μ∧
t − π‖, ‖μ∨

t − π‖) ≤ 1/(4eL3)

for t = 2L2(logL)β = 2T . Let us consider e.g. the case
of the maximal initial condition ∧, the other case being
analogous. Define Ω′′ = {φ ∈ Ωη,U : maxx∈U |φx− φ̄n

x | ≤
(logL)3/2} and, for ξ ∈ Ω′′,

τ = inf{t > 0 : max
x∈U

|φξ
x(t) − φ̄n

x | ≥ 2(logL)3/2 − 1}.

Let A be a subset of Ωη,U . Then, using Proposition 2,

μ∧
2T (A) = μ∧

T (μξ
T (A)|ξ ∈ Ω′′) +O

(
e−c(log L)3/2

)
.

Next, from Proposition 3, one has for every ξ ∈ Ω′′

μξ
T (A) = P(φξ(T ) ∈ A; τ > T ) +O

(
e−c(log L)3/2

)
= P

′(φξ(T ) ∈ A; τ > T ) +O
(
e−c(log L)3/2

)
= P

′(φξ(T ) ∈ A) +O
(
e−c(log L)3/2

)
where P

′ denotes the law of the dynamics restricted to
the set Ω′ of (5). Indeed, the two laws P and P

′ can be
coupled so that the corresponding trajectories coincide
up to the random time τ . In particular, τ has the same
law under P and P

′ . Finally, thanks to Proposition 4 and
taking β sufficiently large, T is at least (logL)2 times
the mixing time of the restricted dynamics (which is
Õ(L2)). Therefore, from the standard sub-multiplicative
property

sup
ξ∈Ω

‖μξ
t − π‖ ≤ e−
t/Tmix�,

and the fact that the invariant measure of the restricted
dynamics is π(·|Ω′), one has

|PΦ±
(φξ(T ) ∈ A) − π(A|Ω′)| ≤ e−(log L)2 .

Thanks to Proposition 1 one has π(Ω′) ≥ 1 −
O(exp(−c(logL)3/2)) and therefore π(A|Ω′) = π(A) +
O(exp(−c(logL)3/2)). Finally,

|μ∧
2T (A) − π(A)| = O

(
e−c(log L)3/2

)
for every event A ∈ Ωη,U , which implies ‖μ∧

2T − π‖ ≤
1/(4eL3) for L large enough.



B. Proof of Proposition 2

Let Π̄ be the plane of slope n, obtained by translating
upwards by a distance C logL the plane Πn := {z ∈
R

3 : n(1)z(1) +n(2)z(2) +n(3)z(3) = 0}, with C the same
constant as in (3). Let W be a disk of radius

ρL = L× logL

on Π̄ such that its projection V on the horizontal plane
at height zero contains U and moreover the distance
between ∂U and ∂V is at least ρL/2 (recall that U has
diameter L).

Given u > 0, let Cu be the spherical cap whose base
is the disk W and whose height is u. The radius of
curvature R is related to u and ρL by

(2R− u)u = ρ2
L (7)

and, since we will always work under the condition u�
ρL � R, we have R = ρ2

L/(2u)(1 + o(1)). For a point v
on the curved portion of the boundary of Cu, let nv be
the normal at v directed towards the exterior of Cu. It is
clear that, if u� ρL, one has nv = n+o(1); in particular,
nv > 0 with the convention of Definition 1. Finally the
height (w.r.t. the horizontal plane) of the spherical cap
at horizontal coordinates x ∈ V is denoted by

ψu(x) = sup{z ∈ R : (x(1), x(2), z) ∈ Cu}.

We now define a sequence of spherical caps {Cun}M
n=0

with constant base W , decreasing height un and in-
creasing radius of curvature Rn. More precisely, let
u0 = 2L and M := 2L − (logL)5/4. Then we let
un = un−1 − 1 = 2L − n and (2Rn − un)un = ρ2

L. We
also define

tn = tn−1 +Rn(logL)α, t0 = 0, (8)

where α > 0 is a constant to be determined later.
It is worth noting that R0 ∼ L(logL)2/4, RM ∼
L2/(2(logL)3/4) and Rn+1/Rn = 1 + o(1) uniformly in
the whole range n = 0, . . . ,M . Recalling that Rn =
ρ2

L/(2un)(1 + o(1)), where o(1) is small uniformly in
1 ≤ n ≤M , it is immediate to deduce that

tM = ρ2
L(logL)α ×O

( ∑
n≤M

1/un

)
= Õ(L2). (9)

With this notation the key step is represented by the
next proposition, which corresponds to Claim 1 in Sec-
tion III.

Proposition 5. There exists a positive constant c′ and a
suitable choice of the parameter α in (8) such that the
following holds for L large enough. For every 0 ≤ n ≤M
one has, with probability at least 1−n exp(−c′(logL)3/2),
that, for every x ∈ U and every t ∈ [tn, L3],

φ∧x (t) ≤ ψun(x)

Since uM � (logL)3/2, Proposition 5 together with
(9) completes the proof. The proof of Proposition 5 is
deferred to the appendix.

V. MIXING TIME UPPER BOUND FOR THE SOS MODEL

The proof of Theorem 2 follows the strategy described
in Section III. Step 1 and Step 2 are now formalized
as Proposition 6 and Proposition 7 respectively. Recall
that φ∧(t) denotes the evolution of the maximal initial
configuration ∧, given by ∧i = L for every i ∈ [1, L].

Proposition 6. There exists T1 = Õ(L2) such that

P
(
∃i ∈ {1, . . . , L} , φ∧i (T1) >

√
L (logL)4

)
= O(L−3).

Proposition 7. There exist a constant c > 0 and T2 =
Õ(L2) such that

sup
ξ∈Ω′

L

‖μξ
t − π‖ ≤ e−c(log L)2 , ∀t ≥ T2 ,

where Ω′
L = {ξ ∈ ΩL : ξi ≤

√
L (logL)4, i = 1, . . . , L}.

As for the monotone surface dynamics, it is not
difficult to conclude the proof of Theorem 2 once
Propositions 6 and 7 are available. Concerning the proof
of Propositions 7 we point out that it is essentially an
application of the results in [11, Section 4]; see also
[3].

We turn to a sketch of the proof of Proposition 6.
Let ρL = L logL and, for u > 0, let Cu ⊂ R

2, denote
the circular segment of height u and base a segment
on the horizontal axis, with length 2ρL and centered
at L/2. We shall use the notation φ ∈ Cu for any
configuration φ such that 0 ≤ φi ≤ ψu(i), i = 1, . . . , L
where ψu(i) = sup{y ∈ R : (i, y) ∈ Cu}. Note that the
radius of curvature R of the circular segment Cu satisfies
(2R − u)u = ρ2

L. As in Section IV, we will always have
u � ρL � R so that R = ρ2

L/(2u)(1 + o(1)). Define
recursively u0 = 2L, t0 = 0 and

un+1 = un − (ρ2
L/un)1/3(logL)2 (10)

tn+1 = tn + (ρ2
L/un)4/3(logL)α′

, (11)

for some constant α′ > 0 to be fixed below, and let
M = min{n : un ≤

√
L(logL)4}. Clearly, if Rn denotes

the radius of curvature of the circular segment Cun , then
Rn = ρ2

L/(2un)(1+o(1)). Note that the length and time
scales (un, tn) are quite different from their analogue
in the monotone surface case. The main reason is the
different order of magnitude of the maximal equilibrium
fluctuations in the two models: logL versus

√
L. How-

ever their value is determined by the common recipe
which was described in Section III. Crucially, as in the
monotone surface case, tM = Õ(L2). This can be proved
along the lines of the argument given in Section III. The
key step in the proof is analogous to Proposition 5.



Proposition 8. For a suitable choice of the parameter α′

in (10), for every 0 ≤ n ≤ M , with probability at least
1 − n e−(log L)3/2

,

φ∧(t) ∈ Cun for every t ∈ [tn, L3].

If we now apply Proposition 8 with n = M and use
the fact that tM = Õ(L2) and uM ≤

√
L(logL)4, we

obtain the desired claim (??). The proof of Proposition
8 in turn is based on the same kind of arguments used
for the proof of Proposition 5. Details can be found in
the Appendix.
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APPENDIX

A. Proof of Proposition 3

Let ξ ∈ Ωη,U satisfy (6). By monotonicity, if η′ ∈ Ω
and ξ′ ∈ Ωη′,U are such that ξ ≤ ξ′ and η ≤ η′, then

P

(
∃t < L10 : max

x∈U

(
φξ

x(t) − φ̄n
x

)
≥ 2(logL)3/2

)

≤ P
′
(
∃t < L10 : max

x∈U

(
φξ′

x (t) − φ̄n
x

)
≥ 2(logL)3/2

)
(12)

where P
′ denotes the evolution with boundary condition

η′ (instead of η). In particular, this is the case if we set
η′x = ηx + �(3/2)(logL)3/2� and ξ′ is sampled from the
measure πη′

U (·|A), where A is the event A = Aη′,ξ,U =
{φ ∈ Ωη′,U : φU ≥ ξU}. From Proposition 1 (applied
with ε = a = 1/2) one sees that

‖πη′
U (·|A) − πη′

U ‖ = O
(
e−c(log L)3/2

)
for some c > 0. This is because if Πn denotes the plane
{x ∈ R

3 : x(1)n(1) + x(2)n(2) + x(3)n(3) = 0}, and Πn
h

denotes the plane obtained shifting Πn upwards by h,
then η′ is within distance C logL from Πn

(3/2)(log L)3/2 ,
while ξ is within distance (logL)3/2 from Πn. Therefore,
the probability in (12) is upper bounded by∫
πη′

U (dξ′)P′
(
∃t < L10 : max

x∈U

(
φξ′

x (t) − φ̄n
x

)
≥ 2(logL)3/2

)
+O

(
e−c(log L)3/2

)
. (13)



The initial condition ξ′ in (13) is sampled from πη′
U ,

which is the invariant measure of the dynamics P
′, so

that the distribution of φξ′
(t) coincides with πη′

U at all
later times. Via a union bound over times and recalling
the relation between η and η′, the probability in (13) is
upper bounded by

πη′
U

(
max
x∈U

(
φx − φ̄n

x

)
≥ 2(logL)3/2

)
×O(L10 × L2)

≤ πη
U

(
max
x∈U

(
φx − φ̄n

x

)
≥ 1

2
(logL)3/2

)
×O(L10 × L2)

which is of order exp(−c(logL)3/2), see Proposition 1.
The factor O(L10 × L2) is just the average number of
Markov chain moves within time L10, since there are
order of L2 lattice points in U . Similarly one bounds
the probability that minx∈U (φξ

x(t) − φ̄n
x) < −2(logL)3/2

for some t ≤ L10 and the proposition follows.

B. Proof of Proposition 5

We choose the parameter α in (8) as α = 17/2. We
prove the claim by induction on n. For n = 0 this
is trivial since we chose u0 = 2L, which guarantees
that the maximal configuration ∧ ∈ Ωη,U is below the
function U � x �→ ψu0(x).

Assume the claim for some n. For x ∈ U , define the
event

Ax =
{
∃t ∈ [tn+1, L

3] : φ∧x (t) > ψun+1(x)
}
,

so that we need to prove

P(∪x∈UAx) ≤ (n+ 1) exp(−c′(logL)3/2).

We have

P(∪x∈UAx)

≤
∑
x∈U

P(Ax; φ∧(s) ≤ ψun for every s ∈ [tn, L3])

+n e−c′(log L)3/2
(14)

where we write φ∧(s) ≤ ψun to mean that φ∧y (s) ≤
ψun(y) for every y ∈ U .

Given x ∈ U , consider the plane Π̃ tangent to
Cun at the point (x(1), x(2), ψun(x)) and the plane Π̃′

obtained by translating downwards Π̃ by (logL)3/2.
The intersection of Π̃′ with Cun is a disk W̃ of radius
O(

√
Rn(logL)3/4), whose projection on the horizontal

plane we call Z. Let Ũ ⊂ Z
2 be such that Ũ ⊂ Z and

∂Ũ is at distance of order 1 from ∂Z, so that of course
diam(Ũ) = O(

√
Rn(logL)3/4).

Let ∧(n) ∈ Ω be the maximal monotone surface such
that ∧(n)

x ≤ ψun(x) for every x ∈ U . Let P̃ denote
the law of the auxiliary monotone surface dynamics
in Ũ , starting at time tn from ∧(n) and with boundary

conditions ∧(n)

∂ eU
. By monotonicity and the definition of

∧(n) we have

P
(
Ax; φ∧(s) ≤ ψun for every s ∈ [tn, L3]

)
≤ P̃

(
∃t ∈ [tn+1, L

3] such that φ∧
(n)

x (t) ≥ ψun+1(x)
)
.

As in the proof of Theorem 1, Propositions 3 and 4 show
that after time

tn+1− tn = Rn+1(logL)17/2 ≥ const×diam(Ũ)2(logL)7

the dynamics P̃ has a variation distance of order
exp(−c(logL)3/2) for some c > 0 from its equilibrium
π∧(n)

Ũ
(recall that c− logL ≤ logRn ≤ c+ logL). Propo-

sition 1 gives that

π∧(n)

Ũ
[φx ≤ ψun+1(x)] ≥ 1 − O

(
e−c(log L)3/2

)
.

Indeed, the point (x, ψun+1(x)) is at distance (1 +
o(1))(logL)3/2 from the plane Π̃′ containing the “pla-
nar” boundary condition ∧(n)

∂Ũ
.

Putting everything together (plus a union bound over
times t ∈ [tn+1, L

3]) one gets

P
(
Ax; φ∧(s) ≤ ψun for every s ∈ [tn, L3]

)
= O

(
e−c(log L)3/2

)
×O(L3 × L2) = O

(
e−

c
2 (log L)3/2

)
.

Finally, provided that we choose c′ = c/2, from (14) we
get

P(∪x∈UAx) ≤ (n+ 1)e−c′(log L)3/2

(the union bound over x ∈ U gives just an extra O(L2))
which is the desired claim.

C. Proof of Proposition 8
As in the proof of Proposition 5 we proceed by

induction in n ≤ M . The initial step n = 0 is obvious
because the maximal configuration ∧ is inside Cu0 . Thus,
let us assume the statement true for n < M and let us
prove it for n+ 1.

For 1 ≤ i ≤ L define the event

Ai = {∃ t ∈ [tn+1, L
3] : φ∧i (t) > ψun+1(i)}.

Using the inductive assumption we may write

P
(
∪L

i=1 Ai

)
≤

L∑
i=1

P
(
Ai; φ∧(s) ∈ Cun∀s ∈ [tn, L3]

)
+ n e−(log L)3/2

.

Fix i = 1, . . . , L and consider the line L tangent to
Cun at the point (i, ψun(i)) and the line L

′ obtained by
translating downwards (i.e. in the −y direction) L by

2(un − un+1) = 2(ρ2
L/un)1/3(logL)2.

Let us denote by x−, x+ the horizontal coordinates
of the leftmost and rightmost points of L

′ ∩ Cun and



let I be the set of integers in [x−, x+]. Clearly |I| =
O((ρ2

L/un)2/3 logL).
Consider now the SOS dynamics in the interval I with

boundary conditions equal to �ψun(i±)� at the left and
right boundary i± of I and floor at zero height. This
auxiliary evolution starts at time tn from the maximal
configuration ∧(n) in the set of φ ∈ [0, L]I such that
φi ≤ ψun(i) for any i ∈ I. We denote by P

′ the law of
this auxiliary chain. Observe that ∧(n) is within distance
2(un − un+1) = O(

√
|I|(log |I|)3/2) from the line L

′ so
that Proposition 7 will be applicable with κ = 3/2. By
monotonicity we have

P
(
Ai; φ∧(s) ∈ Cun∀s ∈ [tn, L3]

)
≤ P

′
(
∃t ∈ [tn+1, L

3] such that φ∧
(n)

i (t) ≥ ψun+1(i)
)
.

Because of Proposition 7, for some α1 > 0, after time
|I|2(log |I|)α1 ≤ tn+1 − tn (taking e.g. α′ = 3 + α1

in (10)) the dynamics P
′ has a variation distance of

order exp(−c(logL)2) from its equilibrium which we
denote by π

(n)
I . Since the distance between the point

(i, ψun+1(i)) and the line L
′ is at least c

√
|I|(log |I|)3/2

for some c > 0, Lemma 1 gives that

π
(n)
I

(
φi ≤ ψun+1(i)

)
≥ 1−O

(
e−c(log |I|)3

)
≥ 1−e−c′(log L)3 .

As in the proof of Proposition 5, simple union bounds
over i ∈ [1, L] and t ∈ [tn+1, L

3] give
L∑

i=1

P(Ai; φ∧(s) ∈ Cun∀s ∈ [tn, L3])

≤ L5e−c′′(log L)2 ≤ e−(log L)3/2

which finishes the proof of the inductive step.
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